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Abstract
The generation of high-order harmonics in quasi-one-dimensional graphene nanoribbons (GNRs) initiated
by intense coherent radiation is investigated. A microscopic theory describing the extreme nonlinear optical
response of GNRs is developed. The closed set of differential equations for the single-particle density matrix
at the GNR-strong laser field multiphoton interaction is solved numerically. The obtained solutions indicate
the significance of the band gap width and Fermi energy level on the high-order harmonic generation process
in GNRs.
1
ar
X
iv
:2
00
5.
09
45
0v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
18
 M
ay
 20
20
I. INTRODUCTION
Graphene and its analogs have attracted enormous interest in the last decade due to the unique
electronic and optical properties of such 2D quantum systems1. The significance of graphene as
an effective nonlinear optical material has triggered many theoretical2–11 and experimental12,13
investigations devoted to diverse extreme nonlinear optical effects, specifically, high-harmonic
generation (HHG) taking place in the strong coherent radiation fields -at the multiphoton excitation
of such nanostructures14,15. On the other hand, apart from the invaluable physical properties, two
dimensional graphene can be patterned into narrow ribbon that causes the carriers to be confined
in quasi-one-dimensional graphene nanoribbons (GNRs) (with the diverse topologies depending
on the ribbon form)16. Although the band structure of a GNR differs for patterns with different
boundaries, a common feature of the GNRs is a width-dependent sizable band gap17 suitable and
significant for nano-opto-electronics. Such nanostructures exhibit optical properties fundamentally
different from those of graphene18–20. At the same time, carriers in GNRs have the same outstanding
transport properties as in graphene1.
The nonlinear optical response of graphene can be further enhanced via plasmonic excitations
supported by the graphene layer. Plasmons in graphene can be manipulated by variation of the
Fermi energy21. At that, graphene plasmons exhibit extreme subwavelength confinement22. So that
the strong near electric fields generated by plasmons in graphene nanostructures can be exploited to
enhance nonlinear optical processes23–25. For extended graphene layer one can not excite plasmons
by a single wave field because of the energy-momentum conservation law26. Meantime, for
patterned graphene nanostructures this condition is vanished. Besides, plasmon frequencies can be
varied through the entire terahertz range27. Hence, due to the near field enhancement of the pump
wave intensity one can realize the extreme nonlinear regime of HHG when up to 100 harmonic
orders can be generated.
Another important advantage of GNRs over extended graphene monolayer is the confinement of
quasiparticles in GNRs in the one additional dimension. The latter is crucial for HHG efficiency
since confinement hinders the spread of the electronic wave packet deposited to the continuum and,
consequently, enhances the HHG yield28. Hence, it is of interest to clear up the influence of carrier
confinement on the extreme nonlinear optical response of GNRs, which is the subject of the current
investigation.
In the present work, we develop a nonlinear microscopic theory of an armchair GNR interaction
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with strong coherent electromagnetic (EM) radiation. The theory of the interaction of confined car-
riers with a strong driving wave-field is developed in the domain of the Dirac cone and independent
quasiparticles’ approximations. The equation of motion for the single-particle density matrix is
solved numerically. Then we study the HHG process in strong pump-waves and investigate HHG
yield depending on the GNR width size (dimers’ number) and quasiparticles’ Fermi energy level.
Thus, we predict high harmonics up to 80 orders in moderately strong pump wave-fields/lasers.
The paper is organized as follows. In Sec. II the set of equations for the single-particle density
matrix is formulated. In Sec. III, we consider multiphoton excitation of the Fermi-Dirac sea, and
generation of harmonics in GNR. Finally, conclusions are given in Sec. IV.
II. EVOLUTIONARY EQUATION FOR THE SINGLE-PARTICLE DENSITY MATRIX
Let an armchair GNR interacts with a plane quasimonochromatic EM wave. We will consider
an armchair GNR placed in the XY plane bounded along the X-axis and indefinite along the Y-axis.
We assume that the wave propagates in the perpendicular direction to the GNR plane. Thus, this
travelling wave for GNR electrons becomes a homogeneous quasiperiodic electric field (of carrier
frequency ω and slowly varying envelope E0 (t)). The polarization of the EM wave is assumed to
be parallel to the Y-axis: E (t) = ŷE (t), where
E (t) = E0 f (t) cosωt. (1)
The wave amplitude is described by the sine-squared envelope function f (t):
f (t) =
 sin
2
(
pit/Tp
)
, 0 ≤ t ≤ Tp,
0, t < 0, t > Tp,
(2)
where Tp characterizes the pulse duration.
Low-energy excitations which are much smaller than the nearest neighbor hopping energy can
be described by an effective Hamiltonian
H0 = ~vF

0 k̂x − îky 0 0
k̂x + îky 0 0 0
0 0 0 −̂kx − îky
0 0 −̂kx + îky 0

, (3)
where vF ≈ c/300 is the Fermi velocity (c is the light speed in vacuum). Note that ~k̂ is the quasi-
particle momentum operator and upper left (lower right) block of the Hamiltonian (3) corresponds
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to K (K′) point. In an armchair nanoribbon the wavefunction amplitude should vanish on both
sublattices at the extremes, x = 0 and x = W + a0/2, of the nanoribbon. To satisfy this boundary
condition one must admix valleys17, and the confined wavefunctions have the form,
ψn,s,ky(r) =
eikyy
2
√
W + a0/2
√
Ly

e−iθnky eiknx
s eiknx
e−iθnky e−iknx
s e−iknx

(4)
with energies
εn,s(ky) = s~vF
√
k2n + k2y (5)
for conduction (s = 1) and valence (s = −1) bands. Here θnky = arctan kn/ky. Due to confinement
in the x direction the allowed values of kn satisfy the quantization condition17
kn =
2pi
3a0
+
2pin
2W + a0
. (6)
For a width of the form W , (3M + 1)a0, nanoribbons have nondegenerate states and are band
insulators. The allowed values of kn are independent of the momentum ky.
We will work in the second quantization formalism, expanding the fermionic field operators on
the basis of states given in (4), that is,
Ψ̂(r) =
∑
n,s,ky
ên,s,kyψn,s,ky(r), (7)
where ên,s,ky (̂e
†
n,s,ky
) is the annihilation (creation) operator for an electron. In (7) we have omitted the
real spin quantum number because of degeneracy. The total Hamiltonian in the second quantization,
reads:
Hˆ =
∑
n,s,ky
Es,n,,ky ê†s,n,,ky ês,n,,ky + eE(t)Ŷ , (8)
where e is the elementary charge and Ŷ is the second quantized position operator along the y-
direction. The latter can be expressed via intraband (̂yi) and interband (̂ye) parts:
Ŷ = ŷi + ŷe
ŷi = i
∑
s,n,ky,k′y
δk′yky∂k′y ê
†
s,n,ky
ês,n,k′y
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ŷe =
∑
n,ky
(
ytr
(
n, ky
)
ê+v,n,ky êc,n,ky + h.c.
)
.
Here
ytr
(
n, ky
)
= 〈−1, n, ky|i∂ky |1, n, ky〉 = −
1
2
kn
k2n + k2y
. (9)
From the Heisenberg equation
i~
∂̂e†η2,k̂eη1,k
∂t
=
[̂
e†η2,k̂eη1,k, Ĥ
]
, (10)
one can obtain the following evolution equations for the interband polarization Pn(ky, t) =
〈eˆ+1,n;ky (t) eˆ−1,n;ky (t)〉, and the distribution functions for the conduction Nc,n
(
ky, t
)
=〈
eˆ+1,n;ky (t) eˆ
+
1,n;ky
(t)
〉
and valence Nv,n
(
ky, t
)
=
〈
eˆ+−1,n;ky (t) eˆ
+
−1,n;ky (t)
〉
bands
i~
[
∂t − eEy (t) /~∂ky
]
Pn(ky, t) +
[
2~vF
√
k2n + k2y + i~Γn
]
Pn(ky, t)
= −eytr
(
n, ky
)
E (t)
(
Nv,n(ky, t) − Nc,n(ky, t)
)
, (11)
i~
[
∂t − eEy (t) /~∂ky
]
Nc,n(ky, t) + i~Γcn
(
Nc,n(ky, t) − N(0)c,n(ky)
)
= eytr
(
n, ky
)
E (t)Pn(ky, t) − c.c., (12)
i~
[
∂t − eEy (t) /~∂ky
]
Nv,n(ky, t) + i~Γvn
(
Nv,n(ky, t) − N(0)v,n(ky)
)
= −eytr
(
n, ky
)
E (t)Pn(ky, t) − c.c.. (13)
Where Γcn, Γvn, and Γn are the phenomenological relaxation rates which account for correlation
terms neglected in the free quasiparticle model. Here N(0)c,n(ky) and N
(0)
v,n(ky) are the equilibrium
distribution functions to which electrons and holes relax at rates Γcn and Γvn, respectively. For initial
state, we assume Fermi-Dirac distribution:
N (0)c,n =
1
1 + e
εn,1(ky)−εF
T
, N (0)v,n = Nc,n
(
−εn,1(ky)
)
, Pn(ky, t) = 0. (14)
Here εF is the Fermi energy and T is the temperature. For all calculations we assume the room
temperature T = 0.025 eV. The dephasing rate Γn in Eq. (11) comprises all processes that
contribute to the decay of the interband polarization. In general Γn ≥ Γc,vn and these rates vary
with temperature and quasiparticle density. Also, they have a quasiparticle momentum dependence,
which we presently ignore. In the extreme nonlinear response regime we will assume that the
main relaxation channel is the carrier–carrier collision on the time scale of 50 − 100 fs29,30. Due to
the conservation of particles at the carrier–carrier collision: Γn = (Γcn + Γvn) /2. Also taking into
account the electron-hole symmetry for the considered nanostructure, we assume Γcn = Γvn.
5
III. GENERATION OF HARMONICS
We further examine the extreme nonlinear response of GNRs considering the generation of
harmonics at the multiphoton excitation. Nonlinear effects take place when eE0ytr
(
n, ky
)
becomes
comparable to or larger than photon energy ~ω. Here we will consider strong pump waves when
eE0ytr
(
n, ky
)
> ~ω for involved subbands. For the 10 THz photons the nonlinear effects are essential
already for a pump wave intensity I0 = 107 W/cm2. The pulse duration is taken to be Tp = 40pi/ω.
The integration of equations (11)-(13) is performed on a grid of 1000 ky-points homogeneously
distributed between the points kmin = −αω/vF and kmax = αω/vF , where α depends on the intensity
of the pump wave. Then we take into account 5 subbands in our calculation. The time integration is
performed with the standard fourth-order Runge-Kutta algorithm.
The optical excitation via coherent radiation pulse creates electron-hole pairs which result in the
macroscopic current, providing two sources
jy (t) = jye (t) + jya (t) (15)
for the generation of harmonics radiation. The first term in Eq. (15), which can be written by means
of polarization,
jye (t) =
igse
~W
〈[̂
ye, Ĥ0
]〉
= − 2e
~W
∑
n,ky
(
2Ec,n,ky
i
ytr
(
n, ky
)
P∗n(ky, t) + c.c.
)
, (16)
is the interband current, and the second term, which is defined via distribution functions,
jya (t) =
igse
~W
〈[̂
yi, Ĥ0
]〉
= − 2e
~W
∑
n,ky
∂kyEc,n,kyNc,n(ky, t) + ∂kyEv,n,kyNv,n(ky, t)
 (17)
is the intraband current. Here gs = 2 is the spin degeneracy factor. The HHG spectrum is obtained
from the Fourier transform E(g)(ω) of the function E(g) (t) = 4pi jy (t) /c, which is the generated
electrical field for 2D patterned graphene nanostructure.
As was mentioned in the previous section, the energy spectrum of quasiparticles strongly depends
on the width of GNRs. For a width of the form W = (3M+1)a0, nanoribbons are metallic, otherwise
GNRs are band insulators. Thus we have made calculation for both cases and the typical HHG
spectra are shown in Fig. 1 where we plot the HHG yield via logarithm of the radiation intensity
c
∣∣∣E(g) (ω)∣∣∣2 /4pi for the GNRs at the various widths W = a0N. In Figs. 1-4 for the relaxation rates
we assume ~Γn = ~Γc,vn = 0.05 eV. From Fig. 1(a) we see considerable enhancement of the HHG
yield up to the middle of the spectra for metallic GNR. For metallic case as in the graphene we have
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FIG. 1: The HHG yield via logarithm of the radiation intensity c
∣∣∣E(g) (ω)∣∣∣2 /4pi for the GNRs with low Fermi
energy εF = 0.1 eV at the various widths W = a0N, which define the single particle spectrum. (a) for N = 16
(metallic) and N = 17 (insulator) and (b) for larger widths: N = 40 (metallic) and N = 41 (insulator). We
assume ~ω = 0.041 eV (ω/(2pi) = 10 THz). The pump wave intensity is taken to be I0 = 5.0 × 108 W/cm2.
10
-6
10
-4
10
-2
10
0
10
2
10
4
10
6
10
8
 0  20  40  60  80  100
(b)
R
ad
ia
ti
o
n
 I
n
te
n
si
ty
 (
W
/c
m
2
)
Harmonic order
N=40
N=41
10
-6
10
-4
10
-2
10
0
10
2
10
4
10
6
10
8
 0  20  40  60  80  100
(a)
R
ad
ia
ti
o
n
 I
n
te
n
si
ty
 (
W
/c
m
2
)
Harmonic order
N=16
N=17
FIG. 2: The same as for Fig. 1 but for large Fermi energy εF = 0.4 eV.
gapless spectrum which causes effective creation of electron-hole pairs, electron-hole acceleration,
and recollision with emission of harmonics. There is no sharp cutoff of harmonics. In contrast to
metallic one for band insulator (N = 17) we have plateau in the HHG spectrum with the sharp
cutoff. For large widths N = 40 and 41 the difference between the both cases is minimal since
energy gap becomes smaller than the Fermi energy.
In Fig. 2 we plot HHG spectra for relatively large Fermi energy εF = 0.4 eV. In this case the
situation is opposite. From Fig. 2(a) we see considerable enhancement of the HHG yield for the
entire spectra for nonmetallic GNR. This is connected with the Pauli blocking. Thus, for large
εF >> ~ω Pauli blocking reduces the probability of creation of electron-hole pairs in the case of
gapless quasienergy spectrum. As in the case of Fig. 1(b) for relatively large widths the difference
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FIG. 3: The intensities of 3rd, 5th, 7th and 9th harmonics versus nanoribbon width in units of a0 (N = W/a0).
We assume ω/(2pi) = 10 THz and I0 = 5.0 × 108 W/cm2: (a) εF = 0.1 eV and (b) εF = 0.4 eV.
between both cases is minimal (see Fig. 2(b)).
We have also investigated the intensities of 3rd, 5th, 7th and 9th harmonics versus GNR width
for Fermi energies εF = 0.1 eV and εF = 0.4 eV. The latter is plotted in Fig. 3(a) and 3(b). For
visual convenience we have rescaled the intensities. As is seen from Fig. 3(a), the intensities for
the small Fermi energy are maximal in metallic GNRs (N = 13, 16, 19...) up to N = 28 harmonics.
From Fig 3(b), we see that for the large Fermi energies overall the intensities are maximal in
nonmetallic GNRs.
As we see from Figs. 1 and 2, the high-order harmonics up to the 80th orders are appeared. Note
that only odd harmonics are generated, reflecting the inversion symmetry preserved in the GNRs.
One of the main questions at HHG is the cutoff harmonic dependence on the intensity of the pump
wave. In Fig. 4, we plot the HHG yield for the GNR of width W = 17a0 for the various pump wave
intensities at fixed frequency. As is seen, the cutoff harmonic is proportional to I1/2. In order to see
the physical origin behind this dependence we will examine Eq. (11). Formally the solution of the
latter can be written as
Pn(ky, t) = ie
~
∫ t
0
dt′ytr
(
n, k˜
(
t, t′
))
E
(
t′
) (
Nv,n(˜k
(
t, t′
)
, t′) − Nc,n(˜k (t, t′) , t′))
× exp
(
2ivF
∫ t
t′
√
k2n + k˜ (t, t1)dt1
)
exp
(−Γn (t − t′)) (18)
where
k˜
(
t, t′
)
= ky +
e
~
∫ t
t′
E (τ) dτ
is the classical momentum change in the wave field. The time dependence of Pn(ky, t) is mainly
determined by the exponential factor with the electron-hole energy in the field εeh (n, t, t′) =
8
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FIG. 4: The HHG yield for the GNR of width W = 17a0 for various pump wave intensities at fixed frequency.
We assume ~ω = 0.041 eV (ω/(2pi) = 10 THz), I1 = 3.5 × 107 W/cm2 and Fermi energy εF = 0.1 eV.
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FIG. 5: The HHG yield for the GNR for various relaxation rates. We assume ω/(2pi) = 10 THz, I0 =
5.0 × 108 W/cm2, and εF = 0.1 eV: (a) N = W/a0 = 16 and (b) N = 17.
2vF~
√
k2n + k˜ (t, t′). The cutoff frequency is determined by electron-hole pairs recolliding with the
highest energy ~ωc ∼ εeh (n, t, t′)max. For the strong wave fields k˜max = 2eE0/~ω >> kn this yields
to the linear dependence of the cutoff frequency on the pump radiation field: ~ωc ' 4vFeE0/ω.
This cutoff frequency is close to numerical values determined from Fig. 4.
We have also investigated the HHG yield at various relaxation rates (Γ ≡ Γn) for metallic
(N = 16) and for band insulator (N = 17) GNRs. The latter is plotted in Fig. 5. For visual
convenience in the logarithmic scale we have plotted the envelope of the intensities on 2s + 1
harmonics . In Fig. 5 we see the considerable difference of the HHG yield depending on the
quasiparticle spectrum of GNR. Fig. 5(a) shows the robustness of HHG in metallic GNR against
relaxation processes in contrast to a band insulator case demonstrated in Fig. 5(b), where harmonics
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are suppressed at high relaxation rates.
IV. CONCLUSION
We have presented the microscopic theory of nonlinear interaction of the GNRs with a strong
coherent radiation field. For the extreme nonlinear optical response, we have used a free quasiparti-
cle model and obtained a closed set of differential equations for the single-particle density matrix
with the phenomenological relaxation terms. These equations have been solved numerically. We
have considered multiphoton excitation of GNRs towards the high-order harmonics generation. It
has been shown that the width size and Fermi energy level of the GNR in the nonlinear optical
response are quite considerable. For the low Fermi energies εF ∼ ~ω we obtained a considerable
enhancement of the HHG yield up to the middle of the spectra in metallic GNR compared with
the nonmetallic ones. For the large Fermi energies εF >> ~ω, the nonmetallic GNRs are more
effective for HHG. We extracted the linear upon the pump field amplitude dependence on the
HHG cutoff frequency. Obtained results show that GNRs can serve as an effective medium for the
high-order harmonic generation with radiation fields of moderate intensities due to the confinement
of quasiparticles in GNRs.
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